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503. 


ON THE SURFACES EACH THE LOCUS OF THE VERTEX OF A 
CONE WHICH PASSES THROUGH m GIVEN POINTS AND 
TOUCHES 6—m GIVEN LINES. 


[From the Proceedings of the London Mathematical Society, vol. Iv, (1871—1873), 
pp. 11—47. Read January 11, 1872.] 


I CONSIDER the surfaces, each of them the locus of the vertex of a (quadri-)cone 
which passes through m given points and touches 6—m given lines; viz. calling the 


given points a, b, c,... and the given lines a, 8, y,..., the surfaces in question are: 
Order 
abcdef -4 
abcdea 8 
abcdaB- 16 
abca By 24 
abaBysd 24 
aaByde 14 
aByde€ 8 


I remark that the orders of these several surfaces are in effect determined by 
the investigations of M. Chasles in regard to the conics in space which satisfy seven 
conditions. The surface abcdef was long ago considered by M. Chasles, and it is treated 
of in my “Memoir on Quartic Surfaces,’ [445], and in the same Memoir the surface 
aßyðeğ is also referred to: these two surfaces, and also the surfaces aaByde and abaByd 
are considered by Dr Hierholzer(?) in his excellent paper “Ueber Kegelschnitte im 
Raume,” Math. Annalen, t. 1. (1870), pp. 563—586, and to him are due the equations 
given in the sequel for the surfaces abcdef and aBydef: the researches of the present 
Memoir are in fact a continuation and development of those in the Memoir last 
referred to. 

1 I was grieved to hear of Dr Hierholzer’s death last autumn, at Carlsruhe, at the early age of 30. 
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2. In the Table, the upper margin refers to the surfaces, and the left-hand margin 
to the points, lines, and curves situate on these surfaces respectively; the body of the 
Table showing the number, and in ( ) the multiplicity, of these points, lines, and 
curves in regard to the several surfaces respectively. Thus, points a; for the surface 
abcdef, 6x (2), there are 6 such points, each of them a 2-conical (ordinary conical) 
point on the surface: so abcdea, 5x (4), there are 5 such points, each a 4-conical point 
on the surface (viz. instead of the tangent plane there is a quartic cone); and so on. 
Similarly, lines ab (viz. these are the lines’ joining two points a, b); for the surface 
abcdef, 15 x(1), there are 15 such lines, each a simple line on the surface; surface 
abcdea, 10 x (2), there are 10 such lines, each a double (ordinary nodal) line on the 
surface; and so on. We have in two places the multiplicity (2+2), which refers to 
a tacnodal line, as presently explained. The corner letters ©, P, L denote respectively 
proper cone, plane-pair, and line-pair, as afterwards explained. 

3. The lines and curves referred to in the left-hand margin are: 

(1) ab, line joining the points a and b. 

(2) a, line a. 

(3) [ab, a, B, y], pair of lines meeting each of the four lines, or say the 
tractors of the four lines ab, a, 8, y. As regards the surface abaBryé, 
the multiplicity is given as (2+2), viz. the line is (not an ordinary 
nodal, but) a tacnodal line, each sheet touching along the whole line the 
hyperboloid agy. 

(4) Ta, 8, y, 8], tractors of the four lines a, B, y, ô. 


(5) [ab, cd, a, B] tractors of the four lines ab, cd, a, 8. 
(6) abc, def, line of intersection of the planes abe and def. 


(7) abe, de, a, line in the plane abe joining the intersections of this plane by 
the lines de and a respectively. 

(8) abc, a, B, line in the plane abe joining the intersections of this plane by 
the lines a and PB respectively. As regards the surface abcdaB, the 
multiplicity is given as (2+ 2), viz. each line is (not an ordinary nodal, 
but) a tacnodal line, each sheet touching along the whole line the plane 
abe. 

(9) Cubic abcdef, cubic curve through the six points a, b, c, d, e, f, common 
intersection of the cones each having its vertex at one of the points 
and passing through the other five. 


(10) Quadriquadric agy, def, intersection of the quadric surfaces aBy and def, that 
is, the quadric surfaces through the lines a, 8, y and 8, e, € respectively. 


(11) Excuboquartic aBy, Se, a, quartic curve generated as follows: viz. taking any 
line whatever which meets the lines a, 8, y (or say any generating line 
of the quadric agy), the plane through this line and the point a meets 
the lines 6, e in two points respectively; and the line joining these 
meets the generating line in a point having for its locus the excubo- 
quartic curve in question (theory further considered in the sequel). 
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Special forms of (Quadri-)Cones. 


4. We have to consider the special forms of (quadri-)cones; these are: 1° The 
sharp-cone, or plane-pair; that is, a pair of two planes, intersecting in a line called 
the axis, the vertex being in this case an indeterminate point on the axis. Observe 
that a plane-pair passes through a given point when either of its planes passes 
through such point; it touches a given line when its axis meets the given line. 
2°. The flat-cone, or line-pair; viz. this is a pair of intersecting lines, their point of 
intersection being the vertex of the line-pair, and the plane of the two lines being 
the diametral of the line-pair. Observe that the line-pair passes through a given point 
when its diametral passes through such point; it touches a given line when either of 
its lines meets the given line. 3°. There is a third kind, the line-pair-plane; viz. 
the two planes of the plane-pair may come to coincide, retaining, however, a definite 
line of intersection, or axis: or again, the two lines of a line-pair may come to 
coincide, retaining a definite plane or diametral; that is, in either case we have a 
plane passing through a line; and which is to be considered indifferently as two 
coincident planes intersecting in the line, or as two coincident lines lying in the plane. 
But there is not, in the present Memoir, any occasion to consider this third kind of 
special cone. 


The letters C, P, L in the Table denote that the cone is a (proper) cone, plane- 
pair, or line-pair, as the case may be. 


Singular Lines and Curves on the Surfaces. 


5. We may establish 4 priori the existence, and even to some extent the multi- 
plicity, of the several lines and curves on the surfaces abcdef,... aBydeE. Thus: 


1°. Lines ab: take for the vertex of the cone a point at pleasure on the line ab; 
the cone passing through b will ipso facto pass through a; and the conditions 
are thus that the cone shall pass through b and satisfy four other conditions— 
in all, five conditions: and there is thus a cone with the point in question as 
vertex; that is, the line ab is situate on the surface. Moreover, for the surfaces 
abcdef, abcdea, abcdaB, abcaBy, abaByé respectively, for a given position of the 
vertex on the line ab, the number of cones is 1, 2, 4, 4, 2 respectively: and 
these are the multiplicities of the line ab on the several surfaces respectively. 


2°. Lines a: take for the vertex of the cone a point at pleasure on the line a; then 
the cone ipso facto touches the line a, and there are only five other conditions 
to be satisfied; that is, we have a cone with the vertex in question; or the 
line a is situate on the surface. Moreover, for the surfaces abcdea, abcdaB, 
abcaBy, abaBys, aaBySe, aBySef respectively, the number of cones is 1, 2, 4, 4, 2, 1 
respectively: and it may be seen that the multiplicities of the line a are the 
doubles of these numbers, or are =2, 4, 8, 8, 4, 2 for the several surfaces 
respectively, 
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3°. Lines (ab, a, 8, y]: taking the vertex in one of these tractors, the cone cannot 
be a proper cone, but (if it exist) it must be either a line-pair having the 
tractor for one of its lines, or else a plane-pair having the tractor for its 
axis. The two cases are: 


Surface abcaBy. Cone is a plane-pair, the two planes intersecting in the tractor, 
and passing, the one of them through the points a, b, the other through the 
point c. The vertex being an indeterminate point on the tractor, the tractor is 
situate on the surface. 


Surface abaByé. Cone is a line-pair, one line being the tractor, the other a line 
drawn in the plane of the tractor and ab to meet 6, and which meets the 
tractor in an arbitrary point thereof: the tractor is thus a line on the surface. 


4°, Lines (a, B, y, 6]: taking the vertex in one of these tractors, then, as in the last 
case, the cone is either a line-pair having the tractor for one of its lines or 
a plane-pair having the tractor for its axis. The three cases are: 


Surface abaßyð. Cone is a plane-pair, the two planes intersecting in the tractor 
and passing through the points a, b respectively. 


Surface aaßyðe. Cone is a line-pair, one line being the tractor, the other a line 


in the plane of the tractor and a, meeting the line e and meeting the tractor 
in an indeterminate point. 


Surface a@yde§. Cone is a line-pair, one line being the tractor, the other a line 
drawn from an indeterminate point of the tractor to meet the lines e and ¢ 

5°, Lines (ab, cd, a, 8]. Cone is a plane-pair, the two planes intersecting in the 
tractor, and passing through the points a, b and the points c, d respectively. 


6°. Line abc, def. Cone is a plane-pair, consisting of the two planes abe and def. 
7°. Line abc, de, a. Cone is a plane-pair, the two planes intersecting in the line; 
one plane being abc, the other a plane through the line de. 
8°. Line abc, a, 8. There are two cases: 
Surface abcdaB. Cone is a plane-pair, the two planes intersecting in the line; the 
one being abc, and the other passing through the point d. 
Surface abcaBy. Cone is a line-pair; one line being abc, a, 8, the other a line 


in the plane abc meeting the line ô, and meeting the line abc, a, B in an 
indeterminate point. 


9°. Cubic abcdef. Each point of the cubic is the vertex of a proper cone passing 
through the cubic, and therefore through the six points; that is, the cubic is 
a line on the surface abcdef. 

10°. Quadriquadric aBy, Sef Cone is a line-pair; viz. it is composed of the lines 
drawn from any point of the curve, one of them to meet the lines a, 8, y, 
and the other to meet the lines 8, e, ¢. 


11°. Excuboquartic By, Se, a. Cone is a line-pair; the two lines being, one of them 
a line at pleasure meeting a, 8, y, the other the line which, in the plane of 
the other line and the point a, meets the lines 6, €. 
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Mode of obtaining the several Equations: Notations and Formule. 


6. The equations of the several surfaces are obtained by taking as centre of 
projection an assumed position of the vertex, and projecting everything upon an 
arbitrary plane; the projections of the given points and lines are points and lines in 
the arbitrary plane, and the section of the cone by this plane is a conic; the equation 
of the surface is thus obtained as the condition that there shall be a conic passing 
through m given points and touching 6— m given lines. 


7. We take as current coordinates (X, Y, Z, W), or when plane-coordinates are 
employed (E, n, $, w): the coordinates of the vertex are throughout represented by 
(7, Y, z, w); but in explanations &c., these are also used as current coordinates. The 
plane of projection is taken to be W=0. The coordinates of the given points a, &c., 
are taken to be (a, Ya, Zas Wa), &c. There is no confusion occasioned by so doing, 
and I retain the ordinary letters (a, b, c, f, g, h) for the six coordinates of a line, it 
being understood that these letters so used have no reference whatever to the given 
points a, b, &c.; viz. the coordinates of the given lines a, &c., are (da, ba; Ca, fas Ja, ha), 
&c.; there is sometimes occasion to consider the coordinates of other lines ab, &e., but 
the notation will always be explained. 


8. I write l m, n, p, q, r for the coordinates of the line joining the vertex 
(x, y, 2, w) with a point (a’, y’, 2, w); viz. 


l =y2 — yz, p=gw — x'w, 
m=28 — 2w, geyw — yw, 
n =gy — 8y, Tą =z2zw— zZ W, 
(la = YZa— Yaz, &e., this being explained when necessary); and also 
P= . hy—gze+au, 
Q=-he . +fe+bu, 
R= ge-fy . +ou, 
S <a by—cz ., 
(Pa = hay — JaZ + aaw, &e., this being explained when necessary). 


This being so, then projecting from the vertex (æ, y, z, w), say on the plane W =0, 
the x, y, z coordinates of the projection of a point @ are as pa: ga: Ta(Pa= Wa — Law, RC.) ; 
and the equation of the projection of a line a is 


PX + QY + RZ = 0, 
(Pa = hay — Ja2 + aw, &c.) We thus have, in the projection on the plane W=0, the 


m points and 6—m lines situate in and touched by the conic. 
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The following notations and formule are convenient: 
9. pabe=0 is the equation of the plane through the points a, b, c; viz. 
PAVOS 2, 4, 2, Ww 
Za, Yar Zas Wa 
Zh, Yo, Zb Wo 
Bo, Ye, eo, We 
Of course pbac= — pabc, &c. Observe that here, and in the notations which follow, 


the letter p is used as referring to the coordinates (x, y, z, w), and that the index 
of p(=1 when no index is expressed) shows the degree in these coordinates. 


10. paa=0 is the equation of the plane through the point @ and the line a; 
viz. paa is the foregoing determinant, if for a moment 6, c are any two points on 
the line a; or, what is the same thing, 

pax = Pax + Qay + Raz + Saw, 
where 
Po=  .  hyg—geg+awg, 


Qa =— hta . +fea +bwa, 
Ra= Jta- fya . +CWa, 
Sq = — aLa — bya — C2a ws 


and (a, b, c, f, g, h) are the coordinates of the line a: observe that paa = paa. 


11. paßy=0 is the equation of the quadric surface through the. lines a, 8, y; 
viz. we have 


pray = (agh) a + (bhf) y? + (cfg) 2 + (abe) w° 
+ [(abg) — (cah )] sw 
+ [ch ) — (abf )) yw 
+ [(caf ) — (beg )] zw 
+ [fg ) + (chf )] yz 
+ [(egh) + (afg )] za 


+ Kahf) + (bgh)] ay, 


where 
agh =li da, as Aa &e. 


dp, gp, hp 
Ay, Jy, ly 


(Ga, ba, Cas far Jas ha), (8p,...), (@y,...) being the coordinates of the given lines a, 8, y. 
Observe that p*Bay=—p*aBy, Sc. 
©: Vit. 14 
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12. It is to be noticed that, writing 
P= . hy-—gz+aw, 
Q=-ha . +fzet+bu, 
R= gx—-fy . +w, 
S=-—ar-—by-cz ., 


viz. P,=hy—gz+aw, &c., then that we have identically 


`A, Mw, v , Pp |=- (Na+ uy + v2 + pw). paBy, 


PREG; Tay N 
Pa, Qs, Rg, Sp 
Py, Qy, Ry, X, 


and further that we have identically 


where 


L =(af'—af) a+ (of —bf)y + (of — cf) 2— (bo — Be) w, 
M = (ag —a’g) æ + (by — b'g) y + (eg — ¢g)2z—-(ca’ — Ca) w, 
N=(ak —d'h)æ + (bk — bh) y + (ch —ch) z- (ab — a'b) w, 
Q=(gl’ -g'hħh)æ+ (hf —Nf)y+(fo—f9)2+ (af —af+bg —b’'9+ch’—ch)w; 


— papy — LupP, + Md, + Nigh, + Qag, 


[503 


and Lap, &c. are the values of L, &c. on substituting therein (aa, ...) and (ag,...) for 
the unaccented and accented letters respectively. 


13. Observe that we have - 


L+(af+bg+ch)a= . —-CQ+UR-fS, 
M+( $ YE eR . -aR-YJS, 
N+( ss )z=-UP+aQ. HB, 
O +( * jw= fP+9Q+WR . ; 
and similarly 
— L + (af +bg+ckhje = . —cQ+bR' -fY, 
—-M+( ‘i y= cP. -ahl’-g, 
SNE As eee aa ae 
-Q +( y jw= JP +9N+hR’ .; 


whence also 


WM -gN +Q =- (af +bg + e'h) P, 


-KL ° +f N +00 =-( » IQ, 
Pde "M i +Q =-( as ) RB, 
SALS UMEEN . =-( »” ) 8 
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and 
hM —gN +aQ= (af +bg+chk)P, 


-hL . +fN+bQ= ( i )Q, 
OD Sef) rete" ee pul PRR, 
eS ne on i a i es 


14. p’a.a8.y5=0 is the equation of the cubic surface through the lines a, 8, y, 8 
and aaß, ayè (viz. aaß is the line from a to meet a, 8, and so ayè is the line from 
a to meet y, ò). Observe that the conditions which determine this cubic surface thus 
are that the cubic shall pass through 


a; the points of aa8 on a and 8 respectively, 3 other points on a, 3 on £, and 
l on aap; 


also the points of ay on y and 8 respectively, 3 other points on y, 3 on 6, and 
l on ay; in all, 1+9+9=19 points; 


viz. the conditions completely determine the surface. 


15. We have 
pa.¢B.yo=|@., yy’, & , Ww A 
Wa, Ya » Za > Wa 
Lop, Mas, Na Qop 
Lys, My, Ny, Qy 


viz. this determinant, equated to zero, gives the equation of the surface. 


To prove this, take as before the unaccented letters (a, b, c, f, g, h) to refer to 
the line a, and the letters with one, two, and three accents to refer to the lines 
B, y, 8 respectively ; write also L, M, N, Q and L’, M’, N’, Q for Lap, &e., and Lys, &e., 
respectively. Referring to the foregoing expressions for L, M, N, Q, and observing that 
for a point on the line a, the values of P, Q, R, S are each =0, then for such a 
point we have L+(v/f+b'g+ch)c=0, &c., that is, 2: M:N: Q=a:y:2: w, and 
these values satisfy the equation of the surface, which is thus a surface passing through 
the line a; and similarly it passes through the lines £, y, ô. 


To show that the surface passes through the line aag, take the coordinates of 
the point æ to be 0, 0, 0, 1; then the line aag is given as the intersection of the 
planes aw+by+cz=0 and aa+b'y+cz=0, that iss S=0 and S’=0. And the 
equation of the surface, writing therein £a, Ya, Za, Wa=9, 9, 0, 1, becomes 


@, yy» & |=0, 
Be SPs UN 
bag M’, N 
14—2 
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or, as this may be written, 

N ot ie ae ie 
aL+bM+cN, «dL +6M +N, N 

| aL +bM +N, «+Y MW +N, N 


and, for a point on the line aag, this is 

aL +bM +N, wLh+0UM+ceN |=0. 

aL +bM' +N’, avl’+UM’+cN 

But in the equations — «L -WM — ¿N = — (a'f + b'g + dh) S, and — aL — bM — cN 
= (af’ + bg’ + ch’) S, writing S=0 and S’=0, we have aL+bM +cN=0 and a’L+b'M+c'N =0, 


and the equation is satisfied; that is, the surface passes through the line azg, and 
similarly it passes through the line ayè. 


Surface abcdef. 
16. The equation may be written 


pabe . pede. pacf. pdbf — pabf . pedf. pace . pdbe = 0, 


where pabe=0 is the equation of the plane through the points a, b, e; and the like 
for the other symbols. The form is one out of 45 like forms, depending on the 
partitionment 


ab . cd 
ps . db \. (ef), 
( ad . be 
of the six letters, 


17. Investigation. In the projection, the six points (pa, qa, Ta) are situate on a 


conic; the condition for this is 
(p, q, ny JE 0, 


where the left-hand side represents the determinant obtained by writing successively 
(Pa, Ja, Ta), &e., for (p, q, r) The equation in question may be written 


abe. cde. acf . dbf — abf . cdf. ace . dbe = 0; 


where 
abe=| pa, Ya, Ta |, &e.; 
Po, Qo, To 
Pes Yer. Ve 
and substituting for py,..., their values, we have abe=w*.pabe, whence the foregoing 
result. 


{Surface abcdef.} 
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18. Singularities. The form of the equation shows at once that (*) 
(0)(?) The point a is a 2-conical point; in fact, for this point we have pabe=0, 
pacf =0, pabf=0, pace = 0. 


(1) The line ab a simple line; in fact, for any point of this line we have 
pabe =0, pabf'= 0. 


(2) The line abe.cdf a simple line; in fact, for any point of this line we have 
pabe = 0, pedf = 0. 


(9) To show analytically that the cubic curve abcdef is a line on the surface, 
observe that the equation of the surface is satisfied if we have simul- 
taneously (X being arbitrary) 

pabe.. pacf — 2. pabf . pace = 0, 
r.pede.pdbf— pedf.pdbe=0. 
The first of these equations is a cone, vertex a, which passes through the points 
b, e c, f, and which, if à is properly determined, will pass through the point d; the 
second is a cone, vertex d, which passes through the points b, e, c, f, and which, if 
A is properly determined, will pass through the point a; the two determinations of À are 
dabe . dacf —». dabf . dace = 0, 
r.acde.adbf— acdf.adbe=0; 
giving the same value of A; and the equations then represent cones, the first having 
a for its vertex, and passing through d, b, e, c, f; the second having d for its vertex, 


and passing through a, b, e, c, f; the two intersect in the line ad, and in the cubic 
curve abcdef, which is thus a curve on the surface. 


Surface abcdea. 
19. The equation may be written 


(pabe . pede. paac . db — pace . pdbe . p®aab . cd)? 
+ 4pabe . pede. pace . pdbe . pabe . pdbc . paa. pda = 0, 
or, what is the same thing, 
(pabe. pede. paac . db + pace . pdbe . p’aab . cd)? 
+ 4pabe . pcde . pace . pdbe . pbad . pcad . pba . pca = 0, 
(the equivalence of the two depending on the identity 


— paab. cd. paac . db + pabe . pdbc . pax. pda — pbad . pcad . pba. pca = 0) 


1 Or course, as regards the present surface and the other surfaces for which the equation is given in 
an unsymmetrical form, the conclusion obtained in regard to any point or line of the surface applies to 
every point or line of the same kind. Thus ab being a simple line, we have also ad a simple line, although 
the equation, as written down, does not put this in evidence. 

2 The bracketed numbers refer to the lines of the Table. 


{Surface abcdea.} 
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where, as before, pabe=0 is the equation of the plane through the points a, b, e; 
praacdb=0 the equation of the quadric surface through the lines a, ac, db; and 
paa=0 the equation of the plane through the point a and the line a. 


The above forms are 2 out of 30 like forms, as appears by the partitionment 
ab, cd 
ac, db }ea. 
ad, be 


20. Investigation. In the projection, the equation of the conic through the five 
points may be written 
(Abel jae 
i(p, q, rp 
where the symbol denotes a determinant the last five lines of which are obtained by 
giving to (p, q, r) the suffixes a, b, c, d, e respectively. This is at once transformed 
into 


SUE 


abe. cde.acA .dbA— ace. dbe.abA.cdA =0, 


or, what is the same thing, 


pabe . pcde . acA . dbA — pace. pdbe .abA . cdA = 0, 


or say, 
pabe . pcde (AK + B’Y + 0”Z) (AX + B”Y + 0” Z) 


— pace .pdbe (AX + BY + CZ) (4'X + B'Y + CZ), 
where pabe, &c. signify as before, and 
AX+BY+CZ=| X, Y, Z 
Pa, Yar Ta 
Po, To, Tb 


and so for A'X + B'Y + CZ, &c., the suffixes for A’, B', C’ being (c, d), and those for 
A”, B’, C” and A”, B”, C’” being (a, c) and (d, b) respectively. 


21. Passing to the reciprocal equation, and making the conic touch the line a, 
we obtain the equation of the surface in the form 


{pabe. pcde | Pa, Qa, Ra |—pace.pdbe| Pas, Qas Ra |}? 
A’, Biag Am ae 
A”, DEO a) eae 
+ 4 pace. pdbe.pabe.pede| Pa, Q., Ra | | Pa, Qa, Ra |=9, 
A year ys O Anna. Since thee 
BP UA CO" Mile EBRE iC 
{Surface abedea. } 
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(where Pa=hay—gaz+d.w = 0) or in the equivalent form wherein we have in the first 
term + instead of —, and in the second term the determinants 


Fin Vests kesh Aut asida NA 
+ Re: a Be PRE iE 
ee | ota Vah 7. NE a a 
22. {The question, in fact, is to find the any: of the form 
A (ax + by + cz) (a’a + b'y + cz) — u (a"s + by + 0"z) (aw + by +e"z) =0; 
taking E, n, € for the reciprocal variables, the coefficient of £ is 
{r (be + b'e) — ie a sioki + bc")? — (2Nbb’ — 2ub”b”) (Deo — 2uc"c'”), 
viz. this is 
A? (be' — b'e) + p (b”o” — Bc")? + Arp {2bb'0"e"” + 2bb’ce' — (be + b’c) (b"e + bc"), 
or, as it may be written, 
[A (bo — b'c) + p (b"e — Bc")? + Wye Dbe” + Wb c 
F (be — b'e) (b”c'” — b"e”) 


— (be e b'c) (b"c "i ale B S 
Taking the upper signs, this is 


{r (be ia b'e) a H (be YA VT 4. ANu ( bb'c”c mt a ee 
Aa be’b’’c mt — b'ch’” WA 


viz. the term in Ap is 
= + 4p (be” — bc) (b’c” — b’c’). 
Taking the lower signs, it is 
{rn (Be © b'c) 2. H 0o" S, be Spa 4 Amu ( bb’c’c ttit + bb” ee ; 
Pay be’ eel c” a i ? 
viz. the term in Ap is 
ANu (bc” FA b”c) (b'o BAA bwo) - 


and it is thence easy to infer the forms of the other coefficients, and to obtain the 
reciprocal eguation in the two eguivalent forms 


ALE AA WA 2, E Taa SF, 7, 5 


a, b, c a’, Ui gi a, b yo iG a’ ? b’ , 

a’, b', c' | a”, wA ol” a”, Aa ol! | a” ” p” j c” 
AJE A E r aa E R S & ra A =0, 

a, b, c af. a c” a , b We a’ b’ } c' 

a’, b’, c' ae” p”: cl” | a” A p” A c" a”. p” m 


which are the required auxiliary formulæ.} 
{Surface abcdea.} 
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23. To reduce the foregoing result, we have 
A, B, C=| 


| 


proportional to the three determinants which contain w, of the set 


Wa — Wika, YWa-WYa, ZWa— WZa | 


LW, — WL, YWa — WY, Wy — W2y 


Oo YS. ee ane a alg ug Ya Al ae, 
Za, Yas Zas Wa Yar Zas Wa 
| ©, Yor Zb, Wb Yo, 2b, Wb 


and similarly A’, B’, C’ are proportional to the three determinants which contain w, of 
the set 


2, y¥, 2, wi, vz A=wly, 2, w |, &e 
Xe, Yer Zes We Ye, Zes We 

| 
La, Ya, 2a, Wa |, Ya, 2d, Wa 


Hence, omitting the factor w, and writing (a, b, c, f, g, h) and (a, b’, c’, f’, g', h’) for 
the coordinates of the lines ab and cd respectively, we have 


A= hy — gz+aw, dh” se h’y — g'z + a'w, 
B =— hege + fz + bw, B =—h’sx + f’z +b’w, 
C= gua—fy + cw, Os ga—fy +cw; 


and thence. 
BO — BC = Qe — Lw, 
CA’ — A= Qy — Mw, 
AB'—A’B=Q0z— Nw, 
where 


L =(af’ —af)zr + (bf — bf) y+ (cf — cf) z (be — b'c) w, 
M = (ag’ —a’g) « + (bg — b'g) y + (cg’ — e’g) z- (ca — ca) w, 
N = (ah’ — a'h) w + (bh’ — b’h) y + (ch’ — c'h) z — (ab’ — a'b) w, 
Q = (gh’ — g’h) # + (hf’ — hf) y+ (fg — f’g) z — (af — af + bg — b’g + ch’—ch)w; 


and consequently 
Pa, Qa, Ra | =Q (eP.+yQ.+ 2R.) — w (LPa + MQ. + NR.) 
454) Fe O 
, ee COE 
=— w (LP, + MRa + NRa + 0O8,); 
or omitting the factor — w, say it is =2P,+MQ,+NR,+08,, viz. this is = pa ab . cd. 


{Surface abcdea.} 
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We have similarly 
Pa > On > VA 
AY, Be; OY | 


ya ie ts O~ 
taken to be =paac.db. 


24. We have in like manner the other two determinants 
eh ole: Wand «| Pe AA 
An 80.0 at aS Be 
Bs BO) CF Ai, ed 
taken to be = p*aab.ac and p’acd.db respectively. 


But we have 
pra ab.ac=paa. pabc, 
(viz. geometrically the hyperboloid through the lines a, ab, ac breaks up into the plane 
paa through the line a and point a, and the plane pabc through the points a, b, Cc). 
And similarly 
pa cd . db = — pa de . db = + p’adb . dc = pad . pdbc ; 


whence, substituting for the several determinants, we have the foregoing equation of the 
“surface. 


25. Singularities. The form of the equation shows that 


(0) The point a is a 4-conical point: in fact, for this point we have pabe=0, 
paac.db=0, pace=0, p'aab.cd=0. 


(1) The line ab is a double line: in fact, for any point of the line we have 
pabe=0, pa ab .cd=0, pabe =0. 


(2) The line a is a double line: in fact, for any point of the line we have 
paac.db=0, paab.cd=0, paa=0, pda=0. 


(7) The line abe.cd.a@ is a simple line: in fact, for any point of the line we 
have pabe=0, p'aab.cd=0. Observe that, on writing in the equation 
pabe=0 the equation becomes (p’aab.cd)?=0; so that the surface along 
the line in question touches the plane pate. 


Surface abcdaB. 
26. The equation of the surface is 
Norm {Vpaa.paB.pbed —Vpba.pbB.peda+Vpca . pc .pdab —Vpda. pdf . pabc} = 0, 
where the norm is the product of 8 factors. 


As before, paz=0 is the equation of the plane through the point a and the 
line a; and pbed=0 the equation of the plane through the points b, c, d. The form 
is unique. 

{Surface abcdaB. } 
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27. Investigation. In the projection, the equation of the conic touching the pro- 
jections of the lines a, B is 


NIPE + QaY + RZ) (PpX + QV + RZ) + AX + BY +0Z=0, 


where A, B, C are arbitrary coefficients. To make this pass through the projection of 
the point a, we must write X : Y : Z=pa : qa : ra; viz. we thus have 


P.X+Q.Y¥+R.Z= Wale Pity Qt+z Ra) 
=W (Ta Pat YaQa t+ Za Ra), 
=— w (æ, P, + YaQa + Za Ra + Wa Sa), 
== Ww paa; 


and similarly 


PeX + QY + ReZ=-—w. pa. 


We thus have E W 
wN paa. paß + Apa + Bqga + Cra =0. 


Or, forming the like equations for the points b, c, d respectively and eliminating, the 
equation is 
v paa. pap, Pa, Yar Ta =0; 


V pba . pb, Po, Qb, Tb 
pea pe ; Pes Qes Te 
V pda -PAB, pa, Yar Ta 


which, substituting for (pa, Qa, Ta), &c., their values, viz. Pa =2Wa— Law, &e., is readily 


converted into 
WA, PY By Mw =O, 


Vpaa . pap, Za; Yar 2a, Wa 
V pba . pop, Zb, Yo, Zb, Wo 
Vpea.pcB, we, Yo, Ze, We 
Vpda.pdpB, aa, Ya, 2a, Wa 

or, what is the same thing, 

Vpaa. pap .pbed —V pba. pbB . peda + pea. pcB .pdab— pda. pdB . pabe = 0; 
viz. taking the norm, we have the form mentioned above. 
28. Singularities. The equation shows that 


(0) The point a is an 8-conical point; in fact, for the point in question 
paa =0, paB=0, peda =0, pdab=0, pabe=0; each factor is of the form 
0, and the norm is 08, 
{Surface abcdaf.} 
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(1) The line ab is a 4-tuple line. To show this, observe in the first instance, 
that we may obtain the 8 factors of the norm by giving to the radical 


Vpaa. pas the sign +, and to the other three radicals the signs +, >, 
at pleasure. For a point on the line in question, we have pdab=0, 
pabe =0; hence the norm is the product of the four equal factors 


N paa. pas. pbed —Vpba. pb . peda, 
and the other four equal factors obtained by writing herein + instead of —. 


Now for a point on the line ab, we may write for 7, y, 2, w the values 
Ula + Vly, UYa + VYb, UZ_+VZ, UWa +VWb, where u, v are arbitrary coefficients. We have 


paa =u.aaa +v.baa =v. bax =—v. aba, 
pap =v.baB =—v.abB, 
pba =u.aba +v.bba =u. aba, 
pop =u. abB, 


pbed = u.abed + v . bbed = u . abcd, 
peda=u.acda+v.beda = v . beda = — v . abcd, 

where aba=0 is the condition that the points a, b and the line @ may be in the 
same plane (or, what is the same thing, that the lines ab and a may intersect), viz. 
baa is =Po + Dayo + Razi + Sawo. And similarly abcd =0 is the condition that the 

four points a, b, c, d may be in a plane; viz. we have 

abcd = Zas Yar Zas Wa 

Z, Yo, Zb, Wb 

Bes Yer Zes We 

Za, Yar Za, Wa 


sign) to wv Vaba.abB.abed; that is, the four equal factors of one set will vanish. The 
vanishing factors are of the form 0', and the norm is 0‘, that is, the line in question, 
ab, is a 4-tuple line. 


(2) The line « is a 4-tuple line; in fact, for any point of the line we have 
paa=0, pba=0, pca=0, pda=0; each factor of the norm: is therefore evanescent, of 
the form 03, and the norm itself is thus = 04 


29. (5) The line (ab, cd, a, B) is a double line. To show this, take z=0, w=0 
as the equations of the line in question; then we have h,=0, hg=0, zawo— 2Wa=0; 
Or say Wa=AZq, We=A%: and ZeWa— ZaW=0; or Say  We= MZe: Wa= meq (A and pw 
arbitrary coefficients). Putting for shortness 


L=(g—da)e-(f+rA)y, J=(g—pa)e- (f+ wb)y; 
{Surface abedaß. } 
15—2 


www.rcin.org.pl 


116 ON THE SURFACES THE LOCI OF [503 


viz. Ia =(ga— Aa) & — (fa + Aba) y, &e., and writing z=0, w=0, we have paa.paB = za" IT. Tp, 
pba. pb8=27I.LIp, pea. peh =2JaJg, pda. pdp = zJaJg; and the factor of the norm 
(reverting to the expression thereof as a determinant) is 


@, Y 
ZaVIalp, ay Vas. fas. Noe 
25VTalg, Sos Yor Zo, No 
BaN dadi Ger, Yar “Bor ihe 
zaVJaJp, Za, Ya, Za, Pea 


which vanishes. In fact, resolving the determinant into a set of products of the form 
+2.13.45, where the single symbol denotes a term of the top line, and the binary 
symbols refer to the second and third lines, and the fourth and fifth lines respectively 
(denoting minors composed with the terms in these pairs of lines respectively); then 
each product will contain a term 14, 15, or 45, and the minor so designated (to which- 
ever of the two pairs of lines it belongs) is =0. The factor is thus evanescent, being, 
as it is easy to see, =0. There are two factors which vanish; viz. taking the first 
radical to be +, the second radical must be also +, but the third and fourth radicals 
may be either both + or both —; the norm is thus = 0?, viz. the line (ab, cd, a, B) is 
a double line. 


30. (8) The line abe, a, 8 is a double line. To prove this, take w=0 for the 
equation of the plane abc, and (2-0, w= 0) for those of the line in question; we have 
ha =0, hpa 0, wa =0, we =0, we =0; and writing Ia =—ga£ +faY, Ie =— gex + fay, then 
for z=0, w=0, the factor expressed as a determinant is 


Za NT. Isi Za, Ya; Za, 
Zb a n Zb, Yo: Zb, 
Ze VT,Ip, Le, Ye> Ze, 


Vpda. pdp, La, Ya, Za, Wa 
which is 
= Wa NII A . T, Y 


Ze, Te, Ye, Ze 


and consequently vanishes, the form being 0% There are two such factors, viz. the 
radical Vpda.pd8 may be either + or —, hence the norm is = 0° 
31. But it is to be further shown that the line is tacnodal, each sheet of the 
surface being touched along the line by the plane w=0: we have to show that the 
{Surface abcdaB.} 
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factor operated upon by A=X6,+ Yô, +Z, + W6,, reduces itself for z=0, w=0 to 
a multiple of W. Considering the factor in the form of a determinant, the result of 
the operation is 


E Ved, M+ ra. oe 
Vpaa.paB, wa; Ya, 2 - AVpaa.paB, a, Yis Za 
Vpba.pbB, as, ee Pd AVpba.pbB, 2, Yo, 20, 

Npa peh, We, Yor Ze, + AV pea. poB, ato. Za 


V pda pap, Za, Ya, Za, Wa A V pda pap, Lar Yar Za, Wa 


the first term is 


ZaVTalp, Sa, Ya Za 

Zb Niels, Xp, Yo, Zb, 

Me PEE Paes gett gi 

V pda .. pap, La, Ya, Za, Wa 
where the first column may be replaced by 

-ZNI,1, 

Vpda pap — za VI. Tp, 

and the term in guestion thus becomes 
{wa Z NI Ig + W (— za VI. lo + pda. pdB)} . abc, 


if for shortness 
Lay Yar Za |= abc, 


Zo, Yo, Z 
Ze, Ye, Ze 


As regards the second term, we have 


ae SET AA 
PAR er ary WR a ae Sh wani 

. 2 Vpaa. paß 

which is 
a I Apap +I, Apaa 
SMT. Ts 
But 
paa — (= Gaza) tY (Jada) +2 (Ja Ta Fa Ya) +w (dala T RIA Or, Za); 
= Wa (Ja? — aW) + Ya (—faz — baW) + Za (— Jal + fay — Caw); 

and thence 


Apaa = tq (Jal — da W) + Ya (fal — ba W) + za (—GaX +faY — ca W), 
{Surface abedaf.} 
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with the like formula for Apag ; hence 


I, Apa + Ip Apaa 


oe ee 


where 
1 
A xp Eh GW) Te Orga MAA AV 


1 
B EEF {Ip (— faf — ba W) + Ial- fpZ — be W)}, 


o= {Ip (—gaX +faY — ca W) + Ia (— ge X + feY — ce W)}. 
atg 
The term in question is thus 
ie, Gs 

Ata t Byg+C2a, a, Ya: 2a 

Am t+ Bynt Ozo, @, Yo. Zb 

Awst Bys ti Oo, Les Yer es 

ANVpda.pdB , a, Yar Za, Wa 


viz. replacing the first column by 
— As- By 


ANVpda.pdB — Axa — Bya — Oza; 
this is 
=(Ax + By) wa. abe; 


and we have 
1 [ Le gae—fay)+La( ge%—fay)|Z 


2VT. Is [+ Ip (— av — bay) + Ia (— aga — bey)] W, 
phy Sen 
2VI,Lp 


Ag+ By= 


(— 2I,1,Z— MW), 


if for shortness 


M=(- gex + foy) (dat + bay) + (— gat + fay) (apa + dey) ; 


viz. the whole term is 


iz Movi qi 
Pe [- Wee ae Ww; abo. 


Hence the first and second terms together are 
a | zaNIalp + Vpda. pdB — AE wa) abe ; 
Talg 
viz. this is a multiple of W, which was the theorem to be proved. 


{Surface abcdaB.} i 
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Surface abcaßy. 
32. The equation is 
Norm | Vpaa, Vpba, Vpcz |=9, 
Vpag, VpbB, Vpc8 
Vpay, Npby, Npoy 
where the norm is a product of 16 Sic, each of the order 3. As before, paa=0 


is the equation of the plane through the point a and the line a; viz. paa has the 
value already mentioned. 


33. Investigation. In the projection, the equation of the conic touching the pro- 
jections of the lines a, 8, y is 


AVP,.X+Q.Y+R.Z+ BVP.X + QeV¥+ReZ+ OVP,/X+Q,Y+R,Z=0; 


and to make this pass through the projection of the point a, we must write herein 
X: Y: ZSP qa: 1a As before, we have 


P.X + QY + RaZ = Wale Paty Q+2 Ra) 
= W (Wa Pat Ya Ya 4+ ziRa), 
=- Wy (abe + Ya Ya + Zaa + WaSa); 
=— w.paa; 
and so for the other terms; the equation thus is 
Poca DVRA + 0 Jpay 0% 


or forming the like equations in regard to the points b, c respectively, and eliminating 
we have a determinant =0, and then, taking the norm, we obtain the above-written 
equation of the surface. 


34. Singularities. The equation of the surface shows that 


(0) The point a is 8-conical: in fact, for the point in question we have 
paa=0, paB=0, pay=0; each factor is 0}, and the norm is 0% 

(1) The line ab is 4-tuple. To prove this, observe that the sixteen factors are 
obtained by attributing at pleasure the signs +, — to the radicals 
Mpb, Vpe8, Vpby, Vpey; hence there are four factors in which VpbB, Vpby 
have determinate signs, but in which we attribute to the radicals 


VpeB, Vpcy the signs + or — at pleasure. It is to be shown that the 
four factors each vanish for a point on the line ab; that is, on writing 
therein for æ, y, z, w the values uza + ve, Wyatvy, &e. But we thus 


{Surface abcaßy.} 
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have, as before, paa=—v.aba and pba =u .aba, with the like formule with 
Band y in place of a. The factor thus becomes 


vua maa. aba. Geen | 
VabB, Wadi VpoB 
Maby, Naby, “poy 


which vanishes, being =0'; and the norm is thus = 04, viz. the line is 
4-tuple. 


(2) The line @ is 8-tuple: in fact, for a point on the line we have paa= 0, 
pba=0, pea=0, whence each factor vanishes, being =0!, and the norm 
is therefore 0%. 


(3) The line (ab, a, B, y) is 4-tuple: in fact, writing z=0, w=0 for the 
equations of the line, we have h,=0, hg=0, hy=0, and zgwy — Ziwa= 0, 
Or SAY Wa =NZa, W,=Az. Hence, writing 


IT=(g—ha)a—(f+rbd)y, 


viz. la =(Ja — Nda) 8 — (fa + Nba) y, &e., for z=0, w=0, we have paa = zala, 
pba=2J,; and similarly wa8—2alg, poB = zip, and pay= Zaly, pby = aly. 
The factor thus is 


N Zap VIa, NTa, V pea ? 
VIs, Vip, Npe 
VI, NI, poy 


which vanishes, being =0!; there are four such factors, or the norm 
is 0*; whence the line is 4-tuple. 


(8) The line abc.a.B is a 4-tuple line. To prove it, take as before w=0 for 
the equation of the plane abc, and (z=0, w=0) for the equations of 
the line in question, We have ha=0, ha = 0 w, = 0, m=0, we. =0; 
whence (if z=0, w=0), writing for shortness I=ga—fy (viz. Ia gat — fay, 
Ip=gex—fey), we have paa, pba, pca— TaZa, Iz, IaZe, and similarly 
pas, pbB, pcB =Ipgz,, Ipz, Ip2z-: the factor thus is 


See Nie. WA 
VI pZa, N I2, VT p20 


N par ) Vv pby ? V poy 


which vanishes, being = 0!: and there are four such factors, obtained by 


giving to the radicals the signs +, — at pleasure: hence the norm is 
=e, 
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Surface abaBys. 
35. The equation is 


Norm {Vpaa. pba. p*ByS —V pa . pbB .py8a+ V pay . pby . p aB — N pas . pbs . paBy} = 0, 


where the norm is the product of 8 factors each of the order 3. As before, paa=0 
is the equation of the plane through the point a and the line a; viz. paa has the 
value previously mentioned: and p?@yéd=0 is the equation of the quadric surface through 
the lines 8, y, ò. 


36. Investigation. In the projection, taking £, 9, € as current line-coordinates, the 
equation of the conic passing through the projections of the points a, b is 
V (pak + gan + ral) (PoE + gon + 6) + AE + Fj + 0F=0, 
where A, B, C are arbitrary coefficients. To make this touch the projection of the 
line a, we must write &: 7»: “= Pa : Qa : Ra; and then 
PaE tgan + úa% = PaPa + Ja Da 4 aka, 
= Wale Paty Qa+z Ra) 
— W (LaPa + Ya Da + Za Ra), 
=— W (LaPa + YaQat ZaRa + Wa Ba), 


=— w. pua, 
and similarly 
PE + qn + ra% = — w . pba. 


Hence the equation is 
w Npaa.pba + AP, + BQ. +0Ra=0; 


and forming the like equations for the lines 8, y, 8 respectively, and eliminating, we 
have 


igre Be oot Bae: 
Vpap.pbB, Ps, Qs, Re 
Vpay.pby, Py, Q, R, 
vpad.pbd, Ps, Qs, Ri 

which, throwing out a factor w, becomes 

Vpaa. pba. p°’ Bys — VpaB. pbB . pya + V pay . pby .p%aB —V pad. pbs. pay = 0 ; 
or, taking the norm, we have the above written equation. 
37. Singularities. The equation shows that 


(0) The point æ is a 4-conical point; in fact, for the point in question we have 
paz=0, paS=0, pay=0, pad=0; each factor is =0!, and the norm 
is = (4, 
{Surface abaBys.} 
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(1) The line ab is a 2-tuple line. To prove this, we have for the coordinates 
of a point on the line in question Usa FUTI, UYa F vy, &c.; the values 
of paa, pba become as before —v. aba, + w.aba, and similarly for paB, pbp, 
&c.; so that, omitting the constant factor V —wv, the value of the 
factor is 


aba. p*ByS — abh . p*ydat aby. pap — abd. papy. 
Taking (a, b, c, f, g, h) for the coordinates of the line ab, we have 
aba = af, + bJa + cha + fa, + gba + he, 


with the like expressions for abg, &c.; and substituting for p28y8, &e., their values, 
the factor is 


a y? g? w? LW yw: zw YA Z xy 


fagh fabe | fabg — fach | foch — foeg fegh fogh 
gbhf gabe — gach | gbch — gabf | gcaf gchf hafg | gahf 
hefg | habe | habg — habf | heaf — hbeg | hbfg 
abhf | acfg abch — abeg | abfg + achf | acgh abgh 
bagh befg — bach beaf bchf | begh + bafg | bahf 
cagh | chhf cabg — cabf cbfg cafg | cahf + cbgh 


viz. the value of the factor is {a ( fagh) + g (bagh) +h (cagh)} 2? + &c., where fagh = f ag Jyhs 


is the determinant 


2 


Fa, HR 


the suffixes in the four lines being a, 8, y, 8 respectively. 
Collecting, this is 
QT cbhfy — befgz+fabew)( . hy—gz+aw) 
(— caghx . +acfgz+gabew)(—he . +fz+bw) 
(+bagha—abhfy  . +habew)( gr—fy . + cw) 
(— afgha — bfghy — cfghz - )( aw+tby+ez . ) 
+begh [w (ax + by +cz)—-æ( . hy—gz+aw)] 
+ cahf[w(ax+by+ez)-y(-—he . + fz +bw)] 
+ abfy[w(ax+by +c2)—2( ge-fy . +ew)]=0; 


or, what is the same thing, 
AP+BQ+CR+ DS=0, 


f. bedaB. | 
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where 
begha + cbhfy — befgz + fabcw}, 


A={- 
B = {- caghx + cahfy + acfgz + gabcw}, 
C = {+ bagha — abhfy + abfgz + habcw}, 
D= |- afgha — bfghy — cfghz + (begh + cahf + abfg) w}, 
P=( . hy-—gz+aw), 
Q=(-—he . +fz + bw), 
R=( ge-fy .+cw), 
. S=( awt by + ezi .)=0, 
the right-hand factors vanishing for the values uwa + us, of the coordinates. 


38. It thus appears so far that the factor is =0'; it is, in fact, =0?, viz. we 
can show that, operating upon it with 


A = Xd; + Ydy + Zd: + Wdy, 


the value (for any point of the line ab) is =0. We have 


A Vpaa . pba. p’ Byè = zeier Panta Ji pByS+Vpaa.pba. A. PRBys, 
2V paa . pba 


where lba (= Apba) is what pba becomes on writing therein (X, Y, Z, W) in place of 
(z, y, 2, w) Writing, as before, for æ, y, z, w the values uwa + Uz, &c., we have 
paa=—v.aba, pba=u.aba; and putting for shortness 


— v. lba + u. laa = lka, &c., 
the expression in question, divided by V — wv, is 
= — 2vu faba. Ap*Bryd — &e.} 
+ {lka. p*Byd — &e.}, 
where, denoting the determinants 
X K Z W 
Ula — VX, UYa—VYb, UFy—V%p, UWa — VW, | 
by (a’, b’, c’, f, g’, h’), we have 
lka = a'fa + b'fa + Cga + fda + gba + h’Ca. 
But aba. Ap*By5 = Aaba.p*By8, since aba is independent of (æ, y, z, w); and the 


expression is 
= — wuA (AP + BQ +CR + DS) 
+ AP' + BQ + 0R + DY, 


{Surface abcdaf.} 
16—2 
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where P’, Q, R, S’ denote h’y—g’z+a’w, &c., and where, finally, æ, y, z, w are to be 
replaced by wa,+ va, &c. Since for these values P, Q, R, S vanish, the expression 


becomes 
=—2vu(AAP + BAQ + CAR + DAS) 


+AP’+BQ +CR +DS; 
= A (P’ — 2uvAP) + B (Q — 2uvAQ) + C (R — 2uvAR) + D (Y — QuvAS) 


that is 


and we have, in fact, P’-2uvAP=0, &c. For, writing for a moment 


T, Y, Z, W = Ula + VX, UYa + VYb, UZa + UZ, UW, + VW, 


7, Y, L, W =ULa — VL, Ua —VYb, Ua — Vb, UWa — VW ; 


then, for instance, 
S = ax + b'y + cz, 
where 
a’, b’, ec = Ye — Zy, Zæ' — Xz’, Xy — Ya'; 
and thence 
Qel X,Y, Z 


@, ¥,',8 
ARE a 
= 2u(aX +bY +cZ) 
= 2uvdAS; 


and similarly for the other equations. The factor is thus =0*; there is only one such 
factor, and the line ab is double. 


(2) The line @ is an 8-tuple line: in fact,-for a point on the line we have 
paa=0, pba=0, pryda=0, p’SaB=0, p'aBy=0; and the factor vanishes, being = 0". 
Each of the factors is 0', and the norm is = 08, 


39. (3) The line (ab, a, B, y] is a double line. To prove this, observe first that 
for a point on this line we have p*aSy=0. 


Taking as before z=0, w=0 for the equation of the line ab, a, 8, y, we have 
h,=0, hg=0, hy =0, and zqw,— 2a=0; or say Wa =AzZq, Wp = A2; whence, writing for 
shortness T=— (g —Aa)x+(f+rb) y, viz. Ia =— (Ja — Ada) + (fa +Aba)y, we have (when 
z=0, w=0) paa = 2al., pba = 2a, or omitting the factor Vzazo, Vpaa.pba=I,; and so 
for Vpaß . pbß and Vpay.pby. The factor thus is 

Ia. PPAS — Ip. pryda+ Iy. p'ap; 
viz. writing z=0, w=0 in the expressions of p8y8, &c., this may be written 
= [(g — ħa) a — (f + Nb) y) (agh) a + ((ahf) + (bgh)] ay + (bhf) y}, 


where observe that = denotes a sum of three terms of the form 


a. ByS — B . yõa + y. Saf. 
{Surface abedaß. } 
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Adding thereto a fourth term —ô.aßy, the value of the sum would be =afyé, or 
the sum of the three terms is =a@yi+6.a6y, where the symbols represent deter- 
minants. But in each case the determinant ay is =0, as containing the column 
ha, hg, hy, the terms of which are each =0: thus 2g.agh is =gagh—gs.agh, where 
in gagh the suffixes are a, 8, y, 6, and in agh they are a, B, y: that is, we have 
Xg.agh=gagh. And the whole expression thus is 
= æ (gagh— Maagh) 

+ xy (gahf — raahf + gbgh — rabgh — fagh — bagh) 

+ xy? (gbhf — rabhf — fahf —rbahf — f bgh — rbbgh) 

+y ( — fhbf — rdbbhf), 
where gahf denotes the determinant | g, a, h, f |, with the suffixes a, 8, y, 5, in the 


| 


four lines respectively, and so in other cases: the terms, such as gagh, which contain 
a twice-repeated letter, vanish of themselves; and in the coefficients of ay and wy’, the 
terms which do not separately vanish destroy each other in pairs, gahf— fagh = 0, &c.; 
whence the factor vanishes, being =0'; there are two such factors (viz. the zero term 


Vpad. pbs .p'aBy may be taken with the sign + or — at pleasure), and the norm is thus 
= 0%, 


40. But the line is tacnodal, each sheet of the surface touching along the line in 
question the hyperboloid p’aBy. To prove this, write 


A= Xð, + Yb, Ww 
we have for the hyperboloid, writing z=0, w= 0, 
Ap'aBy = (afg. + bfg.y)Z+(abg.x2—abf.y) W; 
and it is to be shown that 
A (Wpaa.. pba. p*By8 — V pag . pbB . py8a + Vpay . phy . pdaB F V pad. pbs . pay) 
each contain the factor Ap’a8y; or, what is the same thing, that 
AS Vpaa. pba. p’ Byè 


contains the factor in question, = denoting the sum of the first three terms of the 
original expression. The value is 


= 5 (Pete t ple Paa 


PL baited Bys + Vpaa. pba . Ap’Byè) ; 
ren p*By6 + V paa . pba p*By8) 


where Paa, =Apaa, denotes what paa becomes on writing therein X, Y, Z, W for 
x, yY, 2, w; and the like as to Pba. Substituting for paa and pba their values zaZa and 


a la, and multiplying by Mza, the expression is 


= (za Pba + 2, Paa) pi By + 22a2%L. Ap*Bys}, 
{Surface abcdaf. | 


www.rcin.org.pl 


126 ON THE SURFACES THE LOCI OF [503 


where we have 


Za Pba + z Paa 
= Zy (@a(Zga— Waa) + Ya (— Zfa — Wha) + 2a[X (— gata) + Y (fa + Ada) + (AZ — W) ca) 
+ 2a (2o (Zga — Waa) + Yo (— Zfa — Wha) + 2o [X (— gat Ada) + F (fa + 0a) + (AZ — W) cal}, 
= (blat 2a) Zga— Waa) 
+ (ZbYa + Zayb) (— Zifa — Wha) 
+ 2202 [X (— Ja + Ada) + Y (fa + rba) + (AZ — W) ca}. 


Also 
Zaola= Zato {(— Ja + Aaa) æ + (fa + Nba) Y), 


pByS= x .agh + sy (ahf + bgh) + y. hbf, 
Ap*Byi= X.2x.agh+ y (ahf + bgh) 
+ Y.a(ahf + bgh) + 2y . hbf 
+Z.u(cgh+afg)+ y(bfg+ chf) 
+ W. æ (abg — cah) + y (bch —abf). 

41. The whole expression is a linear function of X, Y, Z, W, and it is easy to 
see & priori, or to verify, that the coefficients of X, Y, each of them vanish. The 
coefficient of Z is 

= X {Zsa + Zao) Ja — (20Ya+ 2aYo) fa + DAZAZICa) pP’ BYS 
+ Elato [(— Ja + Ma) 8 + (fa + Nba) Y] [æ (cgh + afg) + y (bfg + chfY), 


with a like expression for the coefficient of W. 
The foregoing expression may be written 


(2% + 20%) È g [agh . a + (ahf + bgh) wy + bhf. y°] 
—(2Yat ZaYyo) =f lagh. a + (ahf + bgh) ay + bhf. y] 
+ 20202 2 {c [agh . a + (ahf+ bgh) ay + bhf. yj 
+ (ax + by) [(egħh + afg)æ + (bfg + chf) y)}} 
+2242% (— gu + fy) [(egh + afg) @ + (bfg + chf) y]. 
The first sum is | 
a. gagh + xy (gahf + gbgh) + 4? . gbhf, 
=—ay .afgh— y. bfgh, 
=—hsy (afg.c+bfg.y); 


where afg, bfy denote detérminants with the suffixes a, 8, y. Similarly the second 
sum is 


=—hgx (afg . æ +bfg. y); 
(asa + bsy) (afg . «+ bfg.y), 
(—g2+fsy) (afg . æ +bfg y). 


the third sum is 


and the fourth sum is 
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The whole coefficient of Z thus contains the factor (afg.z24bfg.y); and similarly it 
would appear that the whole coefficient of W contains the factor (abg.x—abf.y), the 
other factor being the same in each case; viz. the two terms together are 


+ (Ya + Zays) Ma 
| + 2NZa 2o (asw + bsy) 
+ zazil- gas + fey) 


| — (Zola + 2020) hay 


{Z (afg.2+bfg.y)+ W (abg.x—abf.y)}; 


where the second factor is Ap*«Sy, which is the required result. See post, Nos. 59 
et seq. 


42. (4) The line fa, 8, y, 8] is an 8-tuple line; in fact, for any point of the 
line in question we have p*ByS=0, pya =0, p*5a8=0, p’aBy=0; whence each factor 
is 0}, or the norm is 0% 


I notice that the surface meets the quadric p’aßy in 


lines a, 8, y each 8 times 24 
» (4 By, 8) , » 16 
oo C Oe, a a haga ua 8 

24 x 2=48 


Surface aaBy8e. 
43. The equation is 
(pape . pryde. pany .88 + paye . ppe. praaB . yòy 
—4p*aBe . p*yde. paye . p’dBe. pay. pry. paa. pda = 0; 
or, what is the same thing, 
( sich pryde. paay . SB — praye. p’dBe. paak . 5)? 
— 4p°aBe. pryde. paye. pdBe. p Bad. p*yad.pBa.pya=0; 
the equivalence of the two depending on the identity 
paaB .yd.p aay. 58 
— paBy . pPÈBy . paa . pda 
+ p’Bad. p*yad . pBa.pya=0; 
where, as before, p’#8e=0 is the equation of the quadric through the lines a, 8, e, 
and paa=0 is the equation of the plane through the line @ and the point a; viz 


p'aBe, &e., and paa, &c., have the values already mentioned: p%aa8.y5=0 as already 
mentioned is the cubic surface through the lines a, 8, y, 8 and az, ays. 


{Surface aaByde.} 
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44. Investigation. In the projection, using line-coordinates, the equation of the 


conic touching the five lines may be written 


|, m FP |=0; 
\(P, Q Ry 


where the symbol denotes a determinant the last five lines of which are obtained by 
giving to (P, Q, R) the suffixes a, B, y, 8, e respectively, This is at once transformed 


into 
aBe.yde.ayA. dBA — aye .dBe.aBA.ydA=0, 


or, what is the same thing, 
pape. pryde.ayA. SBA — paye. p’SBe.aBA. ysA=0; 


or say 
pape . p'yde (AVE + B” a: CC) (A”E+ B” + aaah 


— paye. pSBe (AE + Bn + Cb) (A'E+ Bn + O'0)=0; 


where pape, &c., signify as before; and 
AE+Bn+CS=|—& , nn, § |, 
| Es BA Ra 
| Pe Qe, Re 


and so for A'E + B’n+0't, &e., the suffixes for A’, B’, C’ being (y, 6); and those for 


AWE + BY’n + CE and A” E+ B’n+ C'S being (a, y) and (6, B) respectively. 


45. Passing to the reciprocal equation, and making the conic pass through the 


point a, we obtain the equation of the surface in the form 


{paye . p*dBe Pa, Ga, Ta — paße . p*yde Pa ya Qa» Ta ja 


A AEn A E NOY 
S. aia: a wy OTA 
+ 4p?aye.p*dBe.p'aBe.pyde | Pas Qa, Ta | Pas Qa, Ta. |=9; 
A PB AL, 208% , O 
Os - Bp? IF R O 
or in the equivalent form, where in the first term we have + instead of —, and 


in the second term the determinants are 


Pazko laran. Gay Wass Wa, Ya 
EL Dula VA wy BO 
Fae Ba OME A, i, Cys 


46. To reduce this result, observe that we have 
A, B, OS | ie +aw, -he+fz+bw, ge —fy +cw | 
Wy-gzt+eu, -Wa+fzr+bu, gae-fyt+ew 
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where, for convenience, I retain the unaccented and accented letters (a,...), (a’, ...) 
instead of these letters with the suffixes a and PB respectively. Writing as before 

L =(af —af)xt+... 

M = (ag —a'g)s +... 

N (ah —a'h)s +... 

Q =(gh'-—gh)at+... 


then 
A =QOa — Lw, 
B = Qy — Mu, 
C =Qz — Nu, 
and similarly 
„A= Qz- L'u, 
B’ = X'y — Mw, 
C =z- Nw; 


where for L’, M’, N’, Owe have (a”,...) and (a”,...). Hence 
BO -BC=wl\y, 2, w 
A RR) 
Mis Ny MD 
with like expressions for CA’—C’A and AB’—A’B; and substituting, we have 
Pas Yar Ta |= W) Pa, Yar Ta, 
A> Biv OG, Mwacheivicw 
A. Bs og Eyl, WA 
Ae, F 2 


or substituting for Pa, qa, Ta their values Wa — Wa, YWa — WYa, ZWa — Wa, this is 


Pa, Yar Ta aaa Y¥, 2, w 
we B. C War Ya > Za, Wa 
Ato am ao Ny A 


La, OR OF 


whence, omitting the factors w°, the equation is 


{p'aye .p’OBe| a, y, 2, w |—paBe.pyde|@, y, zg , w |} 
Lay Yar, Za; Wa La = Ye Sac ard WA 
BeAr. a De y” tN? bani 
Dae, NE I ae oa ae 


+ 4paye. p°dBe.p'aBe.pyde|%, Y, Z, w es y , & , ow |=, 
LY a a Oe 
LE. WA Na: Lo) Aas 
{Surface aaPyde.} 
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where I recall that for (L, ...), (L’,...), (£7,...), (£”,...) the suffixes are (a, B), (y, ò), 
(a, vy), and (8, 8) respectively. The values of the first two determinants thus are 
paaB.yS and p'aay. SB respectively: that of the third is p'aa8.ay; viz. this is 
=p'aBy.paa; similarly, that of the fourth is p'ayè . ôB, which is =— p*ady.d8 = + pad. by ; 
or finally this is = p*$8y.pad. And we have thus the before-mentioned equation of the 
surface. 


47. Singularities. The equation of the surface shows that 
(0) The point a is a 2-conical point: in fact, we have for this point p*aa8.yd=0, 
Pp po point p y 
paay. SB =0, paa=0, pad = 0. 
(2) The line a is a 4-tuple line: in fact, for any point on this line p’age = 0, 
paaß . yò = 0, Paye =0, p'aay.d8=0, paßy = 0, paa = 0. 


(4) The line (a, 8, y, e) is a 2-tuple line: in fact, for any point on the line 
we have paße=0, paye = 0. 


(10) The excuboquartic aBe.yd.a is a simple curve: in fact, for any point of 
this curve we have p'aBe=0, p'aa8.yi=0, these two surfaces inter- 
secting in the lines a, 8 and the curve. It is, moreover, obvious that 
the surface is touched along the curve by the hyperboloid p*aBe. 


I notice that the surface meets the quadric p*a@y in 


lines (a, 8, y) each 4 times, 12 


” (a, B, Y 6) ND twice, 4 
” (a, B; Y, €) » » 4 
curve daßy . de i a 8 
14% 2 = 28 


Surface aBryde€. 
48. The equation of the surface may be written 
praBe. pyde.p'ayl. pOBE—p'aBl. pi. paye. p*dBe = 0, 


where p*a8e=0 is the equation of the quadric through the lines a, £, e; viz. page 
has the value already mentioned. 


The form is one of 45 like forms depending on the partitionment 
f aß . yò 
ay . 68 (e, 2) 
las . By 


of the six letters. 
{Surface aBydeg.} 
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49. Investigation. The projections of the six lines are tangents to a conic: the 
condition for this is (P, Q, R)?=0, where the left-hand side represents the determinant 
obtained by writing successively (Pa, Qa, Ra), &c. for (P, Q, R). The equation may be 


written 
aBe. yde.ayl. SB6—aBl. dl. aye . By = 0, 
where 
aBe = PI QS, Ba 
Pa, G Qe, Rg 
P. ’ Q. , R, 


and substituting for Pa, &c., their values, we have aBe=w.p*a8e; whence the fore- 
going result. 


50. Singularities. The equation shows that 
(2) The line @ is a 2-tuple line: in fact, for each point of the line we have 
paBe=0, p'ayS=0, p'aBS=0, praye=0. 


(4) The line (a, 8, e €) is a simple line: in fact, for each point of the line 
we have page =0, pap = 0. 


(9) The quadriquadric a8e.y8f=0 is a simple curve on the surface: in fact, 
for each point of the curve we have page= 0, p*ydf= 0. 


It may be remarked that the surface meets the hyperboloid page in 


lines (a, 8, €) each twice, 6 


i ay Bye) 20), arenes, “2 
pua (àu | Boas Ooo ds 2 
» (4 B60) »  » 2 
curve age. yee RIM 4 
2x 8=16 


51. It might be thought that there should be on the surface some curve aPrydef, 
such as the cubic abcdef on the surface abcdef; but I cannot find that this is so. 
The equation of the surface is satisfied if we have simultaneously (A being arbitrary) 


pape . pay — Apap . paye = 0, 
Ap*yde.p*SBE— pdf . p*SBe=0; 


which equations represent quartic surfaces, the first of them having a for a double 
line, and passing through the lines 8, y, e £ (13+4x5=33 conditions, so that the 
equation of such a surface contains only an arbitrary parameter A); and the second 
having 6 for a double line, and passing through the lines 8, y, e & But I see 
no condition by which à can be determined so as to have the same value in the 
two equations respectively. Of course, leaving it arbitrary, the two quartic surfaces 
intersect in the lines 8, y, e € and in a curve of the order 12 depending on the 
arbitrary value of ^à, which curve lies on the surface aPyédeb. 


{Surface aBydeg.} 
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The Excuboquartic apy, Se, a. 


52. The notion is, that we have a fixed point a, two fixed lines 6, e, and a 
singly infinite series of lines, or say the generating lines of a skew surface: each 
generating line determines, with the point a, a plane; and if in this plane we draw, 
meeting the lines 8, e, a line to meet the generating line in a point P, then the 
locus of this point P is the curve about to be considered. 


53. In the case in question, the singly infinite series of lines is that of the lines 
which meet each of the lines a, 8, y, or say these are the generatrices of the hyper- 
boloid agy: the locus, or curve ay, de, a, is (as mentioned above) an excuboquartic. 
It is not necessary for the purpose of the memoir, but it is interesting to consider in 
conjunction therewith the excuboquartic arising in like manner from the directrices of 
the hyperboloid; it will appear that the two curves are the complete intersection of 
the quadric ay by a quartic surface. Observe that the two curves are given as 
follows: viz. considering for the quadric agy any tangent-plane through the point a, 
and drawing in this plane, to meet the lines 8 and e, a line, this meets the section 
of the quadric surface by the tangent-plane in two points, the locus of which is the 
aggregate of the two curves: viz. the section being a line-pair, the two points belong, 
one of them to a generatrix and the other to a directrix of the quadric surface. 


54. It is convenient to take æ = 0, y=0 for the equations of the line 6; 220, w=0 
for those of the line e: for then, for any plane Av+By+Cz+Dw=0, the line in this 
plane and meeting the lines 6 and e, has for its equations Ae + By=0, Cz+Dw=0; 
or, what is the same thing, for the plane P=0 the equations of the line are 
Py=0, Pa=0, where Pry, Pz» denote the terms in w, y and in z, w respectively. 


I take also a, Yo, %, W for the coordinates of the point a, and PS—QR=0 for 
the equation of the quadric surface, P, Q, R, S being given linear functions of (a, y, z, w): 
we have then say P—OR=0, Q—@S=0 for the equations of any generatrix, and 
P—$Q=0, R—¢S=0 for the equations of any directrix of the hyperboloid. 
The equation of the plane through the point a and the generatrix P—@R=0, 
Q—-—@S=0, is clearly 
(Qo — OS,)(P —0R )—(P,—0R,) (GO -OS )=0; 
so that for the line in this plane, meeting the lines 6 and e, we have 
(Qo T OS.) Va wy ~~ ORay) y (E. oT OR) (Qay R OSzy) = 0, 
(Qo — O80) (Pw — ORzw) — (Po — ORo) (Qew — PSzw) = 9 ; 


and joining thereto the equations 


R S Rey T Reo Ray T rE á 
(equivalent in all to three equations,) the elimination of @ gives the required curve: 


the equations thus are 


PS- QR = 0, 
(QS n ANA) (Pay R SF P Ezy) i (P,.R— PR) (Qoy S z Say) > 0, 
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or, as the second equation may also be written, 
(QS — QS0) (Pay Rew — Paw Ray) — (P, R — PR.) (Quy Szw — QewSzy) = 0 ; 


viz. the second equation represents a cubic surface having upon it the lines (P =0, R=0) 
and (Q=0, S=0): it therefore intersects the quadric PS—QR=0 in these two lines, 
and besides in an excuboquartic curve, which is the required locus. 


55. Representing the determinants 
Se see. by (a’, b’, c’, f’, g’, bh’), viz. a =QR, — QR, 
Pis Q ? R, , So f’ = PS,-— PS,...; 


bee 4 NSS: eae «ee 
3 3 6 Res, Sai 


so that (a’,...) are linear functions, (a,...) quadric functions, of the coordinates; the 
equation of the cubic surface is gb’—bg’ =0, viz. the excuboquartic arising from the 
generatrices is the partial intersection of the quadric PS—QR=0 and the cubic 
gb’—g’b=0; the two surfaces besides intersecting in the lines (P=0, R=0) and 
(Q=0, S=0). 


~byi(a, b,c, f, g,; bh), viz. a= Qu Rao — Quo Ray, -i3 


It appears, in the same manner, that the excuboquartic arising from the directrices 
is the partial intersection of the quadric PS—QR=0 and the cubic he’—ch’=0; the 
two surfaces besides intersecting in the lines (P =0, Q=0) and (R=0, S=0). 


56. But the elimination may be performed in a different manner, as follows: 
from the first two equations in 0, multiplying by Pw, —Px and acing and so with 
zo, — Qoy, &e., we obtain 


(Qo — 0S.) ( — 0b) — (P, -- 9Ry) (— ¢ + Of) = 0, 
(Qo— 9S,)( c+ 6a) — (P,— OR) ( Ag) = 0, 
(Q — 0S) (—b 7 + (P, — OR) ( a+ 0h) = 0, 


(Qo — 98>) ( f — @h) a (P, — OR) ( g )=0. 
We then have 
—c +0f_ c+Oa 
a+6h f—@h’ 


0= 


or, what is the same thing, 
h@ +(a-f)0+c=0. 


Using this equation, written in the form (a+6h)@=—c-+ @f, to transform the first or 
third of the four equations in 0, we obtain 


—aP, — bQ, —cR,+ 0 (—hP, . +fR +b8)=0; 


and using the same equation, written in the form (f—@h) 6=c+ ĝa, to transform the 
second or fourth equation, we obtain 


gP, — fQ, +cS,+ 0( hQ, — gR, + aS) =0; 
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and hence, eliminating 0, we obtain 
(hQ — gR + aS)) (= aP, — bQ, — cR) — (— hP, + £R, + bso) (gPo — £Q,.+ cS.) = 0, 


which, as being of the second order in (a,...), represents a quartic surface. The 
equation remains unaltered by the interchange of Q, R, and the consequent interchanges 
among (a, b, c, f, g, h): hence the quartic surface contains not only the excuboquartic 
arising from the generatrices, but also that arising from the directrices; and these 
two curves are the complete intersection of the quartic by the quadric PS—QR=0. 


57. I obtain this same result also as follows. Consider a point (P,, Q,, Ri, Ñ) 
on the quadric surface; P,S,—Q,R,=0; the tangent plane at the point is 
PS, — QR, — RQ, + SP, =0; 
and if this passes through the point a, then 
PS; — QR, — BQ, + SP, = 0. 


The line which in the tangent-plane meets the lines 8, e is given, as before, by the 
equations 


PryS; — Quy Bi — Ray Q + Say P = 0, 
Pon — Qa Ri — RewQ: + Sw Pa = 0. 
Remembering the significations of (a,...), the last three equations give 
§,: 8 :-Q:-PR= i hQ, — gh, + as, 
:-hP, . +£R,+b8, 
gP,-fQ . +c 
: —-aP,—bQ—cR, . 3 


and substituting these values in S,P,—Q,R,=0, we have the above equation of the 
quadric surface. 


58. Or again, changing the notation, I take the equation of the quadric surface 


to be â 
(abriendo gs hiat ims n Qe, y, 2, wP=0. 


A tangent-plane hereof is 
Ea + ny + iz + ow =0, 


where é, 9, €, œ are any quantities satisfying the relation 
(A, B, C, D, F, G, H, L, M, NYE, n, & wf =0, 
the capitals denoting the inverse coefficients. 


Supposing that the tangent-plane passes through a fixed point a, coordinates 
(a, B, y, ò), we have 
ač + Bn +yf+ do =0; 
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and if the equations of the lines 8, e are as before (2=0, y=0) and (2-0, w=0); 
then for the line in the tangent-plane meeting the lines 8, e, we have 
Ex+ny=0, &+ow=0. 
These last equations may be represented by 
E= ly, n = — la, = mw, o=— mz; 

and, substituting these values, we have 

(A,...Qly, — læ, mw. — mz}? = 0, 

(a ,... Viy, — læ, mw, — mz} = 0, 
that is s 

(Ay? —2Hay+ Bæ, — Few + Gyw — Lyz + Maz, Cw? — 2Nwz + D2 hl, m} =0, 
(ay — Bx, yw —dzhl, m) = 0. 


Whence, eliminating 4, m, we have the quartic equation 


and 


(Ay —2Hay+ Bæ, — Faw + Gyw -— Lyz + Maz, Cw? —2Nzw + D2 yw — 82, Ba — ay)? = 0. 


Further Investigation as to the Surface abaBy6. 
59. The theorem that in the surface abaßyòð, the equation of which is 


Norm W paa. pba. p’ Ryð — y ‘pap .pbB . pya + y pay . pby . pPõaß — y pad . pbò . papy} =0; 


the lines (ab, a, 8, y) are tacnodal, each sheet touching along the line the quadric 
paBy, may be proved in a different manner by investigating the intersection of the 
surface with the quadric p'aßy. 


For this purpose take the equation of the quadric to be yz—aw=0; the equations 
of the lines a, 8, y will be 


pied. apse’ gti 

eens, æ— rgy =0 ; a—r,y=0 

and we may write (a, b, c, f, g, h) for the coordinates of the line 6. The equation of 
the surface will be 


Norm {SL Vpaa.pba (àg — Ay) | (a—f)ae— (Ag +A) yz + Apryyw ) J 
+ (b — g) Apry (yz — xw) 
+c (z — agw) (z — ryw) 
+h (@— rgy ) (8 — Mz) 


— pa PB (hp = M) (y = Ra) ha Ys) (ys — ww); 
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where = denotes the sum of the three terms obtained by the cyclical interchange of 


a, 8, y; and 
paa = (Za — Awa) (a — AY) — (La — Nya) (2 — dw), 


pba = (zy — rw) (x — AY) — (4 — Ayo) (2 — Nw) ; 


Aà here standing for ^a; and similarly for paĝ, &c. 


60. To obtain the intersection with aw—yz=0, writing w= = , then 


paa = [Za —AWe — Z (Sa —AYa)| (@— Ay), A =a), 


pba = [z» — Aw — f (xp — AY») | (@— Dy) ; 


or say cS ae 4 
V paa. pba = VM, (@ — Nay); 


also the expression in { } becomes 


2 
={(a-f)= +05 +h} (@—Apy) (@— yy) 3 
so that the norm in question is 


Norm ZVI Os — M) {(a—f) = + 0% +} (2 — ray) (€ — Pay) (@— yy); 
or say 
Norm SVM, (Xp —2y) (ha (a—f)20 + c2*}(@—ray)(« — Ray) (wry) ; 


where M, is now considered to stand for 
{(Zqg@ — 22a) — N (Wat — Ya2)} (200 — zæ) — A (wE — Yo2)}. 
Observing that the norm was originally the product of 8 factors, this breaks up into 


(ha? + (a — f ) 2a + c2} {(@ — ray) (w — rgy) (Œ — Ayy)}? = 0, 
and 
Norm? VM, (Ag — Ay) =0, 


where the new norm is the product of 4 factors. 


61. Writing for greater convenience A, p, v in place of Na, Ag, Ay, and observing 
that M, is a quadric function of ^., that is of >, the last-mentioned norm is 


Norm VA + BX + Ud? (p — v), 


which is easily seen to be 
= (440 — B’) (p -v (v—-AP(A—p)?; 


or writing for a moment 


(A + BX + Cr?) =(P — Qa) (P’ — OD), 
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whence 


A=PP, B=-(PY+PQ), C=Q0; 


then 
440 — B=- (PQ - PQY; 


and we have 
P, Q =2a8— 2ta, Wat — Yar, 
P’, Q =t — 2%, wa yz, 
whence 


PQ —PQ= (ay — 2w) 2° 

+ [Yat — Yo2a — (Gay — LoWa)] 22 

+ (Gao — Ta) 2; 
viz. if (a, b, c, f, g, h) are the coordinates of the line ab, this is 

= ha’? + (a — f) sz + c2. 
Hence, omitting the constant factor (u —v)i (v— Mf (A—p)! {that is (Ng— Ny)? (Ay — ra) (Aa — Nadi), 
the foregoing equation norm? =0 becomes 
[hæ + (a — f) xz + c2} = 0, 


and the intersections of the quadric with the surface are obtained by combining the 
equation xw — yz=0 with the several equations 
{ha? + (a — f) zx + c2} = 0, 
{(@ — May) (@ — Mpy) (@ — My )}° = 0, 
{ha? + (a — f) zæ +c2*}4=0; 
viz. these are 
lines (a, 8, y, 8) each 8 times 16 


line (2 =0, 2 = 0) Bh >. 16 
lines a, B, y each 8 , 24 
line (7=0, y=0) ian 24 
lines [ab, a, B, y] each 4 ,, 8 
line (2 =0, 2-0) a 8 


(16 + 244+ 8)x2=48 + 48 


But it is clear that the lines (æ =0, y=0) and (w=0, z=0) are introduced by the 
process of elimination, and are no part of the intersection. The complete intersection 
consists of the lines (a, 8, y, 8) each 8 times, the lines (a, 8, y) each 8 times, and 
the lines (ab, a, 8, y] each 4 times. But the last-mentioned lines being only double 
lines on the surface, this means that the two sheets each touch the quadric surface, 
or that the lines are tacnodal. 


C. VIII. 18 
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